Introduction.
In 1954 M. S. Robertson [2] obtained sufficient conditions for the univalence in the unit circle of functions to be the unique solution for \z\ <R of the differential equation
where a* is the larger root of the associated indicial equation. We now are ready to state the following Lemma. Let y(p), dy(p)/dp=y'(p) be real functions, continuous in the real variable p for 0<p<R.
For small values of p let
where Wc(z) is the solution (2.2) of (2.3).
The proof of this lemma is with obvious modifications the same as that given by Robertson [2] for the case R = 1. We will not reproduce it here.
With the aid of the lemma we are able to prove the following Theorem 1. Let z2p(z) be regular for \ z\ <R and satisfy the inequality
where C^O, \y\ Sw/2, and z2p*(z) is defined in (2.1). With p(z) chosen in this manner we define
to be the unique solution of (1.1) corresponding to the root with larger real part of the associated indicial equation. Let Wc (z) be defined as in (2.2 for ail 0gr<i?.
This equation is known as the "Green's transform" of (1.1) and in the form (2.8) is due to Robertson [2] . The inequality (2.7) now follows immediately from (2.8), (2.5), and (2.4) with y(p) = W(p).
The proof for the case when (RJcc} =1/2 in (2.6) follows from the continuity of zW'(z)/W(z) as a function of a for &.{a} >0 (see [2, p. 258]).
We conclude this section with the definitions of the terms "starlike" and "spiral-like."
Definition.
A function/(z) = X¡n=i anz", «i^O, regular for |z| <7? will be called spiral-like in \z\ <R if for some real constant 7(|t| =t/2) the function/(z) satisfies the inequality I zf'(z) ) (2.9) (Rle* ^-^-} = 0 \ /(*) / for all \z\ <R. In the special case when 7 = 0 we say that/(z) is star-like with respect to the origin in \z\ <R.
It was shown by Spaoek [3] that (2.9) is sufficient for the univalence in \z\ <R of f(z) whenever/'(0)5^0.
3. Bessel's equation. In this section we state our two theorems concerning the univalence of normalized solutions of Bessel's equation (3.1) T In the particular case when v is real and positive the function [7"(z) ]"" is star-like in \z\ <p¿ but is not univalent in any larger circle.
Theorem
3. Let the complex number v=x+iy satisfy one of the following conditions : (3.2) 0aï<l and y Ú x, (3.3) x è 1 and y2 < 2x -1.
Then the normalized Bessel function z^J^z) is regular, univalent, and spiral-like in every circle \z\ =r<p* where p2= (ñ{v2j, ju>0, and p* is the smallest positive zero of the function rJf. (r) + St\l-v]jli(r). In the particular case when v is real the function z1~'Jv(z) is univalently star-like in \z\ <p* but is not univalent in any larger circle. In this manner we obtain the differential equation
Next, by setting where p" is the smallest positive zero of Z"' (r).
